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Abstract
Sensitivity analysis is an important tool which can be used to investigate the stability of a process perturbed by parameter
changes and uncertainty impacts. In this work the unsteady sensitivity equations for complex looped pipe networks are solved.
Special attention is focused on the coupled version of these equations, with the direct problem. For this purpose a splitting method
using a Total Variation Diminishing (TVD) scheme with very good quality of stability is set up and validated on a benchmark pipe
network.
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1. Introduction
Many physical parameters are estimated using empirical techniques. A rigorous analysis of the procedure of
modelling of such parameters is necessary. For water distribution systems, sensitivity analyses are used for such
studies. They have been sucessfully applied to hydraulic sensitivity [1,2], hydraulic calibration [3] and hydraulic and
water quality sampling design [4,5]. Furthermore, this is a key point for inverse problem solving.
One of the most accurate methods for such analysis is developed using the sensitivity equations. They derive from
and highly depend on the unsteady advection–reaction equations for quality modelling (direct model).
In this work we propose a method for solving simultaneously the sensitivities with respect to parameters and the
direct problem. We present a splitting method based on the Strang Formula [6]. The equations to solve are of the
type: advection–reaction equation with source term. The advection term is solved with an Eulerian scheme using a
Total Variation Diminishing (TVD) criterion and the Ordinary Differential Equations (ODEs) with reaction and source
terms are solved with a classical numerical scheme. Our formulation will be able to take into account the stiffness of
some problems and also the positivity of the solution.
In the first section, the physical transport–reaction model in quality modelling is presented. Then, sensitivity
equations are derived from this model and a solution method based on a splitting method using a TVD scheme from
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the family of Takacs is proposed. Finally, some results from a simple case study are presented and compared with
those obtained from Cemagref’s quality and hydraulic software, Porteau [7], and the well known software in quality
modelling, Epanet 2 [8].
2. Physical model
2.1. Direct problem
Establishing the propagation of constituents in Water Distribution Systems (WDS) essentially consists of solving
for each pipe an advection equation with a kinetic reaction mechanism and mixing at nodes. The effect of longitudinal
dispersion is negligible. The change in constituents due to transport through a pipe is described by a one-dimensional
hyperbolic Partial Differential Equation (PDE) of the form

∂t C(t, x) + u(t)∂x C(t, x) + σ(t, x) = 0
C(t = 0, x) = C0(x) ∀x ∈ R+ initial condition
C(t, x = 0) = Φ(t) ∀t ≥ 0 boundary condition
(1)
where C denotes the constituent considered within the pipe and u the flow velocity given by the network hydraulic
solution. The change in constituents in the pipe is described by a kinetic rate expression of the form
σ(t, x) = kCα with α ≥ 1
where α is the order of reaction and k is the overall decay constant. Likewise, the residence time and the source of
water are tracked by setting the reaction terms: respectively σ(t, x) = −1, σ(t, x) = 0.
At each node, the water is considered perfectly mixed and a new concentration, age or source is obtained. For the
simple nodes the mass conservation relationship yields
C(t) =
∑
k
qin,k(t)Cin,k(t)
∑
k
qin,k(t)
(2)
where Cin,k is the quantity input at this node, C(t) is the mixing quantity result and qin,k(t) is the rate of flow entering
this node via link k at the time t . Otherwise the maximum and minimum residence time at each node are calculated
as follows:
Cmax(t) = max
k
Cin,k(t); Cmin(t) = min
k
Cin,k(t).
These equations are very useful for giving upper and lower limits for the average residence time calculated by (2).
For a variable-level tank, the change in concentration or age of the water can be determined also from the mass
conservation relationship. Eq. (3) assumes that constituents within the tank are completely and instantaneously mixed;
this assumption is frequently applied to water:

dCT
dt
= Qin(Cin − CT )
VTt0 +
∫ t
t0
Qin − Qoutds
+ σT σT = kCαT reaction in the tank
CT (t = 0) = CT (0)
(3)
where CT and VT are the fully mixed value result and volume of the tank, respectively; Qin = ∑k qin,k and
QinCin = ∑k qin,kCin,k .
2.2. Sensitivity equations
In quality modelling of the kinetic parameters, the order of reaction and decay constant are hardly known.
Sensitivity analysis allows the determination of how “sensitive” our model is to change in the values of these
parameters. To carry out this analysis, we use the method of sensitivity equations. These equations are derived from
the direct problem.
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Let Na be the number of parameters and a j the j th; we have the following problem with Dirichlet conditions:
finding Ca j such that

∂t Ca j + u(t)∂xCa j + ∂a j (kCα) = 0
Ca j (0, x) = 0. ∀x ∈ R+
Ca j (t, x = 0) = 0. ∀t ≥ 0
with C providing the solution of the direct problem (1); Ca j is the derivative of C with respect to a j . As before,
conservative instantaneous perfect mixing equations at simple nodes are considered:
Ca j (t, x) =
∑
k
qin,k(t)Ca j ,in,k (x, t)∑
k
qin,k(t)
and for the tanks, we obtain

dCa j ,T
dt
= Qin(Ca j ,in − Ca j ,T )
VTt0 +
∫ t
t0
Qin − Qoutds
+ ∂a j σT
Ca j ,T (t = 0) = 0.
3. Numerical model
The aim of this part is to develop a numerical scheme for simulating the quality modelling and the associated
sensitivities. In WDS the velocities have slight variations with time, and the constituents considered often have sharp
front discontinuities. So, an Eulerian TVD scheme would be the better solution because it has the Eulerian scheme’s
properties and can overcome the phenomenon of oscillation (undershooting and overshooting).
3.1. TVD scheme
We propose a TVD and L∞-stable scheme from the family of Takacs schemes. This scheme is a four-point scheme
very close to the one introduced by [9] except for the velocity. This one depends only on time. To have a TVD scheme
we limit the numerical flux of the initial scheme of Takacs, as has been done for the Lax–Wendroff scheme [10,11,9].
The scheme is as follows :
Let δx and δt be the space and time steps, respectively,
M = δt/δx , un+1/2 = (un+1 + un)/2,
Cni+1/2 = Cni+1 − Cni , rni+1/2 = Cni−1/2/Cni+1/2 and Cni is the value calculated at the point (iδx, nδt).
Cn+1i = Cni − Mun+1/2Cni−1/2 −
M
2
(un+1/2 − Munun)(φ(rn+i+1/2)Cni+1/2 − φ(rn+i−1/2)Cni−1/2)
+ Mun+1/2Cni+1/2 −
M
2
(un+1/2 − Munun)(φ(rn−i+1/2)Cni+1/2 − φ(rn−i−1/2)Cni−1/2)
where φ(r) = 1 − 2α(r)(1 − r).
To have φ(r) in the Sweby region we put αni±1/2 = min(
|1−rni±1/2 |
2 ,
1
2|1−rni±1/2 | ).
So, if αni±1/2 = min(
|1−rni±1/2|
2 ,
1
2|1−rni±1/2| ) then the scheme (4) is TVD and L
∞
-stable under the CFL condition:
M‖u‖∞ ≤ 1. Moreover, it is of second order when the solution is smooth enough except on a neighbourhood of
critical points.
Nevertheless, this scheme does not consider the term of reaction, and a discretization of the global equation (with
the term of reaction) will lead to a severe condition of positivity restriction. We would lose the TVD property. So, to
overcome this constraint, we use a splitting method.
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3.2. Time splitting method
The advantage of this approach is the use of a specific numerical solver for each physical phenomenon (e.g.,
advection, diffusion, chemical reaction) [12,13]. This method interacts between solving the advection equation with
no source terms and an ordinary differential equation (ODE) modelling the chemistry. This splitting method permits
one to use the most efficient approach for each stage of the procedure, taking note of the physical properties and
presenting a better quality of stability.
In this part the Strang splitting scheme is described. Let us recall the main equation of the direct problem:{
∂t C(t, x) + AC + f (C) = 0 where f (C) = kcα
C(0, x) = C0(x) (4)
where A is a linear operator defined in the following way: AC = u(t) ∂C
∂x
.
We denote by S t the operator solution of (4); we have C(x, t) = (St C0)(x).
The overall equation is divided in two EDOs, and we get the two following subproblems:
P1 =
{
∂t W + AW = 0 for (t, x) ∈ R+ × R
W (0, x) = C0(x). (5)
Let X t be the operator solution of (5); then
W (x, t) = (X t C0)(x)
P2 =
{
∂t V + f (V ) = 0 for (t, x) ∈ R+ ×R
V (0, x) = W (t, x) (6)
where f (V ) = kV α.
We define the operator solution F t of the (6) solution of the following EDO:
∂tF t (x) = − f (F t (x)).
Then a Strang approximation of Eq. (4) can be written as
S t = X δt/2F δtX δt/2.
The sequence of successive integrations for F t and X t can be changed to S t = F δt/2X δtF δt/2. The best choice is
the Strang formula which starts and ends with reaction parts [14].
The usual study of the local error is performed by means of the Taylor series, and we have the following error
expression:
‖C(t, x) − S(t)‖L2 = O(δt3).
Then, the splitting using the Strang formula is of second order.
Nevertheless, implementing the sensitivity equations the problem becomes{
∂t C + (A + B)C + f (t, x) = 0 where B(t, x) a linear operator such as B(t, x)C = g(t, x)C
C(0, x) = C0(x). (7)
We have to solve an inhomogeneous ODE with variable coefficients: B and the source term which appears depend
on time.
Anyway it is possible to keep the second-order accuracy. Assuming that A, B and f are continuous on I , in this
case the variation of constants formula provides the solution (7)

C(t, x) = e−
∫ t
t0
A(s)+B(s)dsC0(x) +
∫ t
t0
e−
∫ t
s A(τ )+B(τ )dτ f (s)ds ∀t ∈ I
C(t0, x) = C0(x)
and trapezoidal integration gives
C(t + δt, x) = e−δt ((An+1/2+Bn+1/2))C(t, x) + 1
2
δt
[
e−δt ((An+1/2+Bn+1/2)) f (δt) + f (t + δt)δt
]
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Fig. 1. Brushy Plains network.
with a local error ofO(δt3), where (An+1+An)2 = An+1/2 and (B
n+1+Bn )
2 = Bn+1/2. If we replace the exponentials with
their Strang splitting, we have
C(t + δt, x) = F δt/2X δtF δt/2
[
C(t, x) + δt
2
f (t + δt)
]
+ δt
2
f (t).
Let us define the three-step splitting scheme on [0, δt]. The coupled problem permitting the modelling of the water
quality for a single pipe becomes


∂t C∗ + kC∗α = 0,
∂t C∗a j + ∂a j (kC∗
α
) = 0,
∂t A∗ − 1 = 0,
C∗(0) = C0
C∗a j (0) = Ca j ,0
A∗(0) = A0

 on
[
0,
δt
2
]
∂t C∗∗ + u(t)∂x C∗∗ = 0, C∗∗(0) = C∗
(
δt
2
)
∂t Ca j + u(t)∂x Ca j = 0, C∗∗a j (0) = C∗a j
(
δt
2
)
∂t A∗∗ + u(t)∂x A∗∗ = 0, A∗∗(0) = A∗
(
δt
2
)
∂t S + u(t)∂x S = 0


on [0, δt]
∂t C∗∗∗ + kC∗∗∗α = 0,
∂t C∗∗∗a j + ∂a j (kC∗∗∗
α
) = 0,
∂t A∗∗∗ − 1 = 0,
C∗∗∗(0) = C∗∗(δt)
C∗∗∗a j (0) = C∗∗a j (δt)
A∗∗∗(0) = A∗∗(δt)

 on
[
0,
δt
2
]
(8)
where C∗∗∗(δt), C∗∗∗a j (δt), A
∗∗∗(δt), S(δt) are respectively the final values for the concentration of constituents, the
sensitivity coefficients, the age of the water and the source of the water.
Note that the ODEs used for the reaction process, to describe the mixtures inthe tank and at nodes, are solved with
an explicit fourth-order Runge–Kutta method.
4. Results
4.1. Brushy Plains network
For a validation, the above TVD splitting scheme is used to solve the Brushy Plains network figure, which is a
common benchmark network (Fig. 1) for testing the abilities of WDS software in propagation problems [15]. The
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Fig. 2. Result for concentration in chlorine inside the tank (a) and sensitivity with respect to k and α for each node (b).
network is composed of 41 pipes, 35 junction nodes, 1 storage tank and 1 pumping station. Chlorine transport will
be carried out assuming a first-order decay of the chlorine (α = 1) in the bulk flow and a rate constant of −2.4/day
(k = −2.4). Taking the time step δt = 1 min, the results for the chlorine concentration, age of water and source
tracking are compared with those from Porteau [7], the Cemagref software for water quality modelling and Epanet 2
[8]. Porteau’s water quality module combines an exact method of characteristics through discretization points with a
Cranck–Nicholson algorithm for the residual time step. The number of space points depends on the time of residence
in the pipe. Epanet 2’s water quality simulator uses a Lagrangian time-based approach to track the fate of discrete
parcels of water as they move along pipes and mix together at junctions between fixed-length time steps [15]. The
velocities are time piecewise constant functions due to the fact that hydraulic calculations are of Extended Period
Simulation type (a continuation of the steady state). Because neither software computes the sensitivity, no sensitivity
analysis comparison was possible.
Fig. 2(a) shows the concentration at the tank obtained with Epanet 2, Porteau and the TVD splitting solver. As
shown, no difference is observed. Fig. 2(b) contains the sensitivity results for each node. We have plotted the relative
L1 norm for every vector Ck(t) and Cα(t):
C∗α or k(N) = δt
∑
t
|Cα or k(t)|
Cα or k(N) = C
∗
α or k(N)
max
N
C∗α or k(N)
where N = 1, . . . , Tn where Tn is the total number of nodes.
As the figure shows, the two most sensitive nodes with respect to k are nodes 8, 19 and with respect to α, 8 and the
tank itself. This describes clearly the impact of small changes to α and k on each node.
These sensitivity results are very useful for calibration because they give information for the future sensor
measuring locations.
5. Conclusion
Transport–reaction equations for plug flows in a looped network, the resulting sensitivity equations and related
modified boundary conditions was presented. This study was achieved via a new approach based on the simultaneous
solution of the direct and parametric sensitivity equations.
The solving method splits not only the advection but also the reaction part. The advection process was solved with
a Takacs type TVD scheme. In the same way, an implicit three-order Runge–Kutta scheme was used for the reaction
terms. The same method was applied to the concentrations, the age of the water and the sensitivities.
Finally, the method and the numerical accuracy were validated for a test network.
Future tests will consist of applying the method to large real networks (several thousand pipes and nodes) in order
to estimate its time efficiency and reliability.
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